In classical analysis, Lebesgue first proved that R has the property that each Riemann integrable function from [a, b] into R is continuous almost everywhere. This property is named as the Lebesgue property. Though the Lebesgue property may be breakdown in many infinite dimensional spaces including Banach or quasi Banach spaces, to determine spaces having this property is still an interesting problem. In this paper, we study Riemann integration for vector-value functions in metrizable vector spaces and prove the fundamental theorems of calculus and primitives for continuous functions. Further we discovery that R ω , the countable infinite product of R with itself equipped with the product topology, is a metrizable vector space having the Lebesgue property and prove that l p (1 < p ≤ +∞), as subspaces of R ω , possess the Lebesgue property although they are Banach spaces having no such property.
Introduction
The study on Riemann integration of functions mapping a closed interval into a Banach space was first studied by Graves [3] . We refer the readers to bibliographies [1, 2, 4, 10] for more details on Riemann integration. One interesting problem concerning the Riemann integration is to determine spaces having the Lebesgue property; i.e., every Riemann integrable function is continuous almost everywhere. In 1970s, Nemirovski, Ochan and Rejouani [7] and da Rocha [10] showed that l 1 has the Lebesgue property. In 1980s Haydon [4] proved that for a stable Banach space with uniformly separable types, the Lebesgue property is equivalent to the Schur property (that is each weakly null sequence converges in norm). In 1990s, Gordon [2] listed many classical Banach spaces including l p (1 < p < +∞), c 0 and L p (1 ≤ p < +∞) that do not have the Lebesgue property and published a non-classical space having the Lebesgue property; the Tsirelson space T . In 2008, Naralenkov [6] extended Gordon's results to prove that an asymptotic l 1 Banach space has the Lebesgue property. The main work of this paper is to study Riemann integration in the context of metrizable vector spaces. Many of the real-value results concerning Riemann integration remain valid in this vector case. In particular we provide the fundamental theorems of calculus and primitives for continuous functions. As main results of this paper, we prove that two metrizable vector spaces of l 1 (Γ) (Γ uncountable) and R ω equipped with the product topology have the Lebesgue property. Further we prove that l p (p ≥ 1), as subspaces of R ω , possess the Lebesgue property though l p (1 < p ≤ +∞) are Banach spaces having no such property. The remainder of this paper is organized as follows. Section 2 is devoted to preliminaries used in this paper. We consider the Riemann integration of functions in metrizable vector spaces. Several properties on the Riemann integration are provided. Two fundamental theorems of calculus and primitives on Riemann integration are proved. Section 3 contains main work of this paper. We show two metrizable vector spaces having the Lebesgue property; that are l 1 (Γ) (Γ uncountable) and R ω equipped with product topology. The conclusion of this paper is given in Section 4.
Preliminaries
Let X be a vector space over the real field R and it is equipped with a metric d. The metric d is complete if every Cauchy sequence in X converges to some point in X, and d is
The points {t i : 0 ≤ i ≤ N} are said to be the points of the partition, the intervals {[t i−1 , t i ] : 1 ≤ i ≤ N} are said to be the intervals of the partition and the points {t i : 0 ≤ i ≤ N} are said to be the tags of the partition. Denote |∆| := max 1≤i≤N (t i − t i−1 ).
Let ∆ 1 and ∆ 2 be tagged partitions of [a, b] . The tagged partition ∆ 1 is a refinement of the tagged partition ∆ 2 if the points of ∆ 2 form a subset of the points of ∆ 1 . In this case, we say that ∆ 1 refines ∆ 2 . Definition 2.2. Let X be a vector space equipped with a complete and invariant metric d and f : [a, b] → X. The function f is said to be Riemann integrable on [a, b] if there exists a vectorx ∈ X with the following property: for any ε > 0 there exists δ > 0 such that 2
where
In this case, we say thatx is the Riemann integral of f on [a, b] and it is denoted as 
We denote it by ϕ ′ (t) = x t .
It is not hard to verify that a function Riemann integrable must be bounded. We first obtain a characterization for Riemann integration via the following proposition. We give its proof for the sake of completeness. 
Proof. The necessity part follows from the Riemann integration in Definition 2.2. The sufficiency part. Letx ∈ X satisfy the corresponding property. Then one can check f is bounded and let L > 0 be a bound for the range of f on [a, b] . Let ε > 0 and take a partition 
Suppose that s k is the tag of ∆ for [c k ,
This and (2.4) imply that
as L is the bound for the range of f on [a, b]. Since ∆ 1 refines ∆ ε , it follows from (2.5) that
This means that (2.6) holds. The proof is complete.
The following proposition presents several equivalent criteria for Riemann integration whose proof follows from the Riemann integration in Definition 2.2 and Proposition 2.1. 
By virtue of (2.4), one can yield that
Then for each i, we can assume that u n i = t i and consequently
This and (2.8) imply that
Hence for any tagged partition ∆ 1 and
This means that (iii) holds. The proof is complete. The following proposition provides a sufficient condition for Riemann integration in metrizable vector spaces. Proposition 2.3. Let X be a vector space equipped with a complete and invariant metric d such that (2.4) holds and f : [a, b] → X be a function. Suppose that
is finite where the supremum is taken over all finite collections
Proof. Let ε ∈ (0, 1). Suppose that L > 0 is the bound of supremum in (2.9) taken over all finite collections of nonoverlapping intervals in [a, b] 
. Then partitions ∆ 1 and ∆ 2 have the same points as ∆ ε and
The proof is complete.
The following theorem shows the existence of primitives on Riemann integration in metrizable vector spaces.
Theorem 2.1. Let X be a vector space equipped with a complete and invariant metric
Proof. Let t ∈ [a, b] be such that f is continuous at t and ε > 0. Then there exists r > 0 such that
Suppose that s ∈ R with |s| < r. Without loss of generality, we can assume that s > 0. Then there exists δ > 0 such that for any tagged partitions ∆ 1 of [a, t + s] and ∆ 2 of [a, t] with max{|∆ 1 |, |∆ 2 |} < δ, one has
Choose N, K ∈ N such that t−a N < δ and
is a tagged partition of [a, t + s] and |∆ ε | < δ. By virtue of (2.4), (2.10) and (2.11), one has
This means that
and consequently F ′ (t) = f (t). The proof is complete.
The following result provides the theorem of calculus on Riemann integration in metrizable vector spaces.
, it follows that τ a F ′ (s)ds exists and it is denoted by x τ . Then there exists δ > 0 such that
holds for any tagged partition ∆ of [a, τ ] with |∆| < δ.
. By the definition of F ′ (t), there exists r t ∈ (0, δ) such that
ε, ∀s ∈ (−r t , r t ). (2.14)
Without loss of generality, we can assume that a < t 1 < · · · < t m < τ . By (2.15), we can choose
By virtue of (2.14) and (2.16), one has
Note that
By taking the limit as ε → 0 + , one can yield d(0, x τ − (F (τ ) − F (a))) = 0 and thus x τ = F (τ ) − F (a). This means that (2.12) holds. The proof is complete.
Main Results
In this section, we study the relationship between continuity and Riemann integrability of a function in metrizable vector spaces. As main results, we prove that l 1 (Γ) (Γ uncountable) and R ω equipped with product topology are metrizable vector spaces having the Lebesgue property (see Definition 3.2). For convenience to study Riemann integrability and continuity of functions, we introduce some notations. It is easy to verify that f is continuous at t ∈ [a, b] if and only if ω(f, t) = 0, and the set {t ∈ [a, b] : ω(f, t) ≥ r} is closed for any r ∈ R. The following proposition is on the continuity almost everywhere of functions in metric vector spaces. The proof is inspired by that of [2, Theorem 18] and we present it in detail for the sake of completeness. 
This implies that
which is a contradiction to the Darboux integrability of f .
The suffiency part. Let L > 0 be a bound for f and ε > 0. Choose N ∈ N such that
. Let
Then m(E N ) = 0 as f is continuous almost everywhere on [a, b] . Since E N ⊂ [a, b] is closed and bounded, it follows that there exist finite open intervals, saying {(c i , 
This means that f is Darboux integrable on [a, b]. The proof is complete.
The following corollary follows from Propositions 2.2 and 3.1. From Corollary 3.1, it is an interesting problem to determine metrizable vector spaces in which every Riemann integrable function is continuous almost everywhere. This is equivalent to determine spaces with the property that Riemann integrability of functions is equivalent to Darboux integrability. This property is known as the Lebesgue property since Lebesgue first proved that R has such property. In the context of metrizable vector space, we consider the following definition. The following proposition is a useful tool in determining whether a space has the Lebesgue property. The proof is easy to obtain and thus it is omitted. 
where each of the digits c k (t) is 0 or 1. Further, da Rocha [10] proved that infinite dimensional and uniformly convex Banach spaces do not have the Lebesgue property and consequently neither do infinite dimensional Hilbert spaces and L p [a, b](1 ≤ p ≤ ∞). Therefore, to seek spaces with the Lebesgue property is a natural and interesting problem. It is known that Nemirovski, Ochan and Rejouani [7] and da Rocha [10] proved that the space l 1 has the Lebesgue property, and da Rocha [10] further proved that the Tsirelson space has the Lebesgue property. In this section, we further prove that l 1 (Γ)(Γ uncountable) also possesses the Lebesgue property. We first recall the definition of l 1 (Γ)(Γ uncountable). Let Γ be an uncountable index set. The space l 1 (Γ) consists of all elements that vanish at all but a countable number of members of Γ and are absolutely summable; that is, x = (x α ) α∈Γ ⇔ {α ∈ Γ : x α = 0} is countable and α∈Γ |x α | < +∞.
It is easy to verify that l 1 (Γ) is a Banach space and consequently a metrizable vector space.
Remark 3.1. The Banach space l 1 (Γ)(Γ uncountable) is different from l 1 , since l 1 is separable but l 1 (Γ) is not; and from [8, Example 1.4] , the norm in l 1 is Gâteaux differentiable at those points x = (x n ) for which x n = 0 for all n; while the norm in l 1 (Γ) is not Gâteaux differentiable at any point. Proof. Suppose that f : [a, b] → l 1 (Γ) be a Riemann integrable function. Then the range of f is a bounded subset of l 1 (Γ). For each α ∈ Γ, denote by π α (x) := x α the projection mapping on l 1 (Γ). Suppose on the contrary that f is not continuous almost everywhere on [a, b] . We next show that f is not Riemann integrable, which is a contradiction.
Let
Then E has positive measure and thus there exists r > 0 such that m(E r ) > 0 where 
For each α ∈ Γ, let G α be the set of all discontinuous points of π α • f on [0, 1]. If m(G α ) > 0 for some α ∈ Γ, then π α • f is not Riemann integrable as R has the Lebesgue property and consequently f is not Riemann integrable. We next consider the case that m(G α ) = 0 for all α ∈ Γ. Let Γ 0 ⊂ Γ be a countable subset and I 0 = ∅. Then G 0 := α∈Γ 0 G α has measure zero. Note that m([c 1 , d 1 ] ∩ E r ) > 0 and then we can take It is easy to verify that d in (3.15) is a complete and variant metric and by [5, Theorem 20.5] , the metric d on R ω is compatible with the product topology T π . As one main result of this paper, we prove that (R ω , d) has the Lebesgue property. Before this, we need the following lemma. Then for any s ∈ (t − δ, t + δ), it follows from (3.16) and (3.17) that
Hence f is continuous at t. The proof is complete. The following corollary follows from Proposition 3.2 and Theorem 3.2.
